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he book you have in your hands is the seventh in the Stop Faking It/ series.

The previous six books have been on various science topics, so obviously a

book on math is a slight departure from what I have done so far. The focus
on understanding rather than memorization, though, remains. When I speak of
understanding, I'm not talking about what rules and formulas to apply when,
but rather knowing the meaning behind all the rules, formulas, and procedures.
I know that it is possible for science and math to make sense at a deep level—deep
cnough that you can teach it to others with confidence and comfort.

Why do science and math have such a bad reputation as being so difficult?
What makes them so difficult to understand? Well, my contention is that science
and math are not difficult to understand. It’s just that from kindergarten through
graduate school, we present the material way too fast and at too abstract a level.
To truly understand science and math, you need time to wrap your mind around
the concepts. However, very little science and math instruction allows that neces-
sary time. Unless you have the knack for understanding abstract ideas in a quick
presentation, you can quickly fall behind as the material flies over your head.
Unfortunately, the solution many people use to keep from falling behind is to
memorize the material. Memorizing your way through the material is a surefire
way to feel uncomfortable when it comes time to teach the material to others.
You have a difficult time answering questions that aren’t stated explicitly in the
textbook, you feel inadequate, and let’s face it—it just isn’t any fun!

So, how do you go about understanding science and math? You could pick
up a high school or college science textbook and do your best to plow through
the ideas, but that can get discouraging quickly. You could plunk down a few
bucks and take an introductory college course, but you might be smack in the
middle of a too-much-material-too-fast situation. Chances are, also, that the
undergraduate credit you would earn wouldn’t do the tiniest thing to help you
on your teaching pay scale. Elementary and middle school textbooks generally
include brief explanations of the concepts, but the emphasis is definitely on the
word bricf. Finally, you can pick up one or fifty “resource” books that contain
many cool classroom activities but also include too brief, sometimes incorrect,
and vocabulary-laden explanations.



There is an established method for helping people learn concepts, and that
method is known as the Learning Cycle. Basically, it consists of having some-
one do a hands-on activity or two, or even just think about various questions
or situations, followed by explanations based on those activities. By connecting
new concepts to existing ideas, activities, or experiences, people tend to develop
understanding rather than memorization. Each chapter in this book, then, is
broken up into two kinds of sections.

One kind of section is titled, “Things to do before you read the explanation,”
and the other is titled, “The explanation.” If you actually do the things I ask prior
to reading the explanations, I guarantee you’ll have a more satisfying experience
and a better chance of grasping the material.

I do suggest that you read the section titled “About This Book” before you
start plowing through the material.

I dedicate this book to the two best math teachers I ever had—Drexel Pope in
seventh and eighth grade and Harmon Unkrich in high school.

As the author of NSTA Press’s Stop Faking It/ series, Bill Robertson believes sci-
ence can be both accessible and fun—if it’s presented so that people can readily
understand it. Robertson is a science education writer, reviews and edits sci-
ence materials, and frequently conducts inservice teacher workshops as well as
seminars at NSTA conventions. He has also taught physics and developed K-12
science curricula, teacher materials, and award-winning science kits. He earned
a master’s degree in physics from the University of Illinois and a PhD in science
cducation from the University of Colorado.

The recently-out-of-debt, soon-to-be-famous, humorous illustrator Brian Diskin
grew up outside of Chicago. He graduated from Northern Illinois University
with a degree in commercial illustration, after which he taught himself cartoon-
ing. His art has appeared in many books, including The Beerbellie Diet and How a
Real Locomotive Works. You can also find his art in newspapers, on greeting cards,
on T-shirts, and on refrigerators. At any given time he can be found teaching
watercolors and cartooning, and hopefully working on his ever-expanding series
of Stop Faking It! books. You can view his work at www.briandiskin.com.



I’'m thinking that many of you are sitting back, looking at this book, and won-
dering why in the world I'm writing it. Sure, it’s difficult to understand lots
of science concepts, but everyone understands mathematics, right? You add,
subtract, multiply, divide, mess around with fractions, solve equations, and all
that, and just about everyone who has to teach math knows all the rules. Well
yes, just about everyone who teaches math does understand the rules, but there’s
more to math than the rules. Here’s one of my favorite examples:

When you add two fractions, you have to get a common denominator. Then
in order to add these fractions, you add the numerators of the fractions but
don’t add the denominators. The denominator of the result is the same as the
denominator of the two fractions you're adding. When you multiply two frac-
tions together, however, you don’t need to get a common denominator. You
simply multiply the numerators together, and then you multiply the denomina-
tors together.

Yep, those are the rules for adding and multiplying fractions. Now. . .do those
rules make sense? Why do you need a common denominator when adding frac-
tions, but not when multiplying them? Why is it that when adding fractions you
add the numerators but not the denominators, yet when multiplying fractions
you multiply both the numerators and the denominators?

If the questions above bother you a bit, or if you have never even thought
about them, then perhaps this book is for you. There are great reasons behind
the rules for adding and multiplying fractions, just as there are great reasons
for just about everything you do in math. Many pecople learn math, however,
without ever learning the reasoning behind the rules.

So what’s wrong with just knowing the rules? Well, without understanding
the reasoning behind the rules of math, chances are you are simply memorizing
procedures. If you're memorizing procedures, then chances are you are teaching
your students to memorize procedures. There’s a big difference between memo-
rizing math and really understanding it. In my humble opinion, when you really
understand what’s going on in math (or science, or anything else), then you are
more comfortable teaching it and might just do a better job of teaching it.

Which brings us to the next point—the broad scope of this book. I begin with
adding numbers in Base 10, and end up with calculus. Why does a kindergarten
or second grade teacher need to know how to solve algebraic equations, figure
out geometric formulas, and be able to do calculus? The short answer is that you



don’t need to know how to do these math calculations, but that you just might
benefit from understanding these math calculations. When you know more than
your students are likely to ask about, you feel more comfortable. On the occasion
that your students do ask complicated questions, wouldn’t it be nice to at least
have a basic understanding from which to answer the questions? Answer: yes.

Which brings us to another point. The purpose of this book is to help you gain
a deep understanding of the meaning behind the rules and operations of math.
The purpose is not to ensure that you will be able to do the various calculations
with proficiency. You won’t become an expert at solving algebraic equations,
solving geometry problems, or solving calculus problems by going through this
book. To become proficient, you need more than understanding; you need lots
and lots of practice. Any math course or textbook in the appropriate subject
area can guide you through that practice. What I'm trying to do is make that
process less painful, should you decide to pursue it.

And another point. Because this math book is part of a science book series,
I will usually take the scientist’s point of view rather than the mathematician’s
point of view whenever there is a conflict. As a rule, scientists tend to be just a
wee bit less formal in their use of math than are mathematicians. Makes sense,
because for the most part math is a tool for scientists. Scientists bend the strict
rules of math when it makes sense to do so. For example, division by zero is ab-
solutely undefined in the rules of math, but scientists tend to think in terms of
dividing by things so close to zero that those things are essentially equal to zero.
So, when they see division by zero, they don’t always think that’s a terrible thing.
That said, many scientific theories have grown from pure mathematics. I don’t
want to give the impression that math is somehow secondary to science; it isn’t.
It’s just that scientists and mathematicians sometimes view math differently.

I hope that whatever level of science or math you teach, you find this book
useful. If some of the early chapters are second nature to you, by all means ig-
nore them. If some of the later chapters seem like something you'll never use,
by all means put them away and maybe revisit them at another time. All I'm
trying to do is provide a perspective on math that, all too often, doesn’t find its
way to our students.

Finally, as you go through this book, you will notice a number of text boxes
that are labeled Guidepost. My most valuable reviewer, my wife, complained
that as she went through the text she sometimes got lost as to the purpose of a
given section. To make things clearer, I added these Guideposts. They are there
to remind you of the purpose of an activity or what exactly I'm explaining at
a given point. Think of them as a tool for helping you stay on the same road
I'm traveling.



his chapter deals with fractions and decimals. This is one place where

people who are otherwise fine with math jump off the boat and decide

it’s just too weird to continue. As with everything else, though, it’s only

a matter of understanding what’s going on. Try to memorize your way
through, and you're in trouble. Insist that everything makes sense, though, and
you're fine.

We'll have a large thin
crust. One-eighth with sausage,
one-fourth with pepperoni, one-fifth with
extra cheese and nine-fortieths with
anchovies!

Rose dreaded the Math Club’s “Pizza Night.”



I usually have “things to do” sections followed by “explanation” sections. This
chapter doesn’t lend itself to that format, so rather than separate the things to
do from the explanation, it will be easier to understand if we explain as we go
along.

For starters, take a look at the circles below in Figure 2.1. In fact, you should
make a copy of this page, because you're going to be cutting the circles out and
you probably don’t want to ruin the book.

Figure 2.1
2| &
1 1 4 4
2 2 El
4

Each circle, except for the blank one, is divided into fractional pieces. For
example, the second one is divided into three equal-sized picces we call thirds.
Each section is one third of the whole circle, and we write that fraction as I
This is a physical representation of a fraction, and this representation is the one
most people think of when they think of fractions. It’s pretty easy to picture
one-half of an apple, one-fourth of a glass of water, or two-fifths of a candy bar.
Fractions also represent the procedure of division, though. The fraction ! is the
number one divided by the number three, so ' is the same as 1 + 3. -

Guidepost Different ways to picture fractions.




Previously we pictured division as separating a large collection of blocks
into smaller groups, but here we have the number 1, which would be 1 block,
divided into three groups. In order to do that, we have to break the block into
smaller pieces. That’s essentially what the second circle in Figure 2.1 shows. You
can’t divide one circle into three groups of circles, but you can divide it into
three separate pieces. Figure 2.2 compares everyday division with the division

represented by a fraction.

Tigure 2.2 @@@
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Dividing the number 6 by 3
Each group has two blocks.

OK, what about a fraction like 3?
How do you divide two whole things
into three “groups?” Pretty much the
same way you divide one thing into
three groups, or rather pieces. Figure
2.3 shows two circles divided into three
equal groups. Each group contains two
pieces of size ', and represents two
divided by three, or -.

Figure 2.3 shows that a piece of a
circle that has a size of . is equivalent to
two pieces with size ThlS again points
out the different ways we can think of
fractions. One is as a simple division
(the number 2 divided by the number 3)
and onc is as a physical entity (a section
whose size is equivalent to that of two
pieces, each one-third in size).

Before moving on, I should explain
the terminology used for fractions.
Whatever is on the top of the fraction is

/ 1\
J 00

Dividing the number 1 by 3
Each piece has a size of %

Figure 2
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called the numerator and whatever is on the bottom of the fraction is called
the denominator.

Time to cut out all the circle pieces. Find a piece that is exactly half the size
ofa ' picce.

That would be a {' piece, as shown in Figure 2.4.

lidure 2.4
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1
A % piece is exactly one half size of a 3 piece.

Guidepost The rule for multiplying fractions—making sense of it.

This illustrates that “half of ' is "‘.” This also illustrates what it means to
multiply fractions. Anothcr way to reprcsent ”half of” something is to multiply
the something by +. In other words, 5 . 1 . This also tells us the rule for
multiplying fractions. You multiply the numerators to get the numerator of the
answer (1 - 1 =1) and you multiply the denominators to get the denominator
of the answer (2 - 3 = 6). And this also fits with our earlier reprcsentation of
multlphcatlon as a series of additions. 4 - 5 means add 5 four times. 1 - * means

add . one half of a time, or simply take one half of

Guidepost Understanding equivalent fractions and how to convert from a fraction
to its equivalent.

When you multiply fractions in math problems, I’'m not expecting that you’ll break the
process down like this. You will simply multiply the numerators and denominators,
following the rule. You should always, however, be able to stop and explain why that’s
the proper rule. When teaching, you should stop every once in a while and ask the
students why the rule makes sense. If they can’t give an answer, then | suggest it would
be worthwhile to stop and talk about the reasoning behind the rule. | further suggest
that this would be appropriate all the way through the college level. Too often we think
that illustrating fractions with pie slices and reasoning through rules is “baby stuff” that
isn’t appropriate once kids get to, say, the fifth grade and beyond. My position is that
we don’t do nearly enough of that baby stuff at all levels.




Take two of your E' picces and place them on the second circle in Figure 2.1.
Convince yourself that r~ , which is two pieces of size %, is equivalent to a piece
of size 'l Similarly, convince yourself that b s cquivalent to : , and that : is
cquivalent to % See Figure 2.5. )

We can show that these Yigure2.5

fractions are equivalent just " LT
using math symbols. First, you 4 ’
have to recall that anything ¢ '
multiplied by 1 is just the —
thing you started with. So, you
can multiply by 1 all day long » 4 > ’
and not change the value of a == ==
fraction. Second, you have to
recall that anything divided by d cthesamess 2
itself isequal to 1, asin 5 =1, 3 6
; =1, and T:::j = 1. Having
recalled that, let’s multiply the
fraction : by the number 1.
; -1=;,right? - -7

Now let’s rewrite the number ! 1 !
las 1 , which we can do because
2 divided by 2 is equal to 1. Now ' \

we have ~ ~
1 12 ~ ~

I
Using our rule for multiplying 1 3

fractions, we have —_ isthesameas . —,
12 2 2

372 6

This confirms what you
discovered with the circle
pieces, namely that l‘ and r~
represent the same fraction.
This also illustrates how we
can change the denominator
in a fraction while making sure
the fraction has the same value.
Just multiply by 1, disguised
as a2 number divided by itself.
For example, you saw with the

circle pieces that !is the same

isthesameas  —

3
4 8



3 | 3
as , . We can do the same thing by multiplying 5 by 3, as in

I
E ' E f
. . 3. . A .
You also saw with the pieces that ; is equivalent to %, something we can do

with math symbols as
f

OK, we’ve covered what fractions are, how to multiply fractions, and how to
change the denominator of a fraction by multiplying the entire fraction by 1,
disguised as a number divided by itself.

Let’s move on to adding fractions, starting with the rule for doing so, which
you can find in any math textbook.” The rule is that you need to get a common
denominator for the fractions, followed by adding the numerators and keeping
the denominators the same. Do you really need to get a common denominator,
though?

Guidepost Understanding why you're supposed to get a common denominator
when adding fractions.

Check it out using the circle pieces. On a blank circle, place a _l picce and a
L piece, as in Figure 2.6.

Figure 2.6
|
This is a physical representation of > + : , so clearly
we can add fractions that have different denominators. 1
There’s a problem, though. Unless you have carefully 1 2
drawn circles and can measure exactly the fraction of 3

the circle taken up l?y tlllcse two pieces, you don’t have
an exact answer for 5 + 5 . See Figure 2.7.

Our problem, then, is that we can add fractions that  Figure 2.7
have different denominators, but we don’t necessarily
arrive at an exact answer. We can, however, get an exact

answer if Ithe fractions have the same denominator. For l
example, ; + ; = % , which you can verify using your cut- l 2
out circles from Figure 2.1. This kind of fraction addition 3

also makes common sense. If you have one of something
(a sixth, in this case) and add two of those somethings

It's not obvious how much
of the circle is shaded.

* In much of this book, I try to use activitics to develop the rules of math. I'm starting with the
rule this time for a change of pace, so you can sece how we can justify the rule while making sure
it makes sense. Of course, I'm also assuming you already know this rule, and many other rules,
of math.



(two-sixths) to it, you end up with three of the somethings (or three-sixths).

The solution to the problem of adding fractions with unlike denominators,
therefore, is to transform the fractions so they have a common denominator.
We do that by multiplying each fracti?n lloy 1, disguised as one number divided
by itself. Let’s use that idea to tackle 5 + 5 .

If we multiply _-Iu by ‘: , we get fj :

If we multiply : by 5 , we get § .

3 2 s .
Recalling that 5 and 5 are both equal to 1, and that multiplying anything by
1 doesn’t change its value, we get
[ S R R
—+ = — . +
2 3 2 3 3
5 . . . .
which means that our exact answer is |, . You can verify this answer using pieces

of a circle by placing the ; piece and the 11 piece on the fourth circle in Figure
2.1 (the one divided into sixths). See Figure 2.8.

2 3 2 5
L= = + — =
2 i) i) i)

Just as with multiplication, I don’t expect that you will go
Figure 2.8 through this reasoning process cach time you add fractions
or ask your students to add fractions. I would suggest,
however, asking students at any level of math, all the way

”
‘ up to college courses, why they have to get a common
denominator when adding and subtracting fractions. I'm
1 betting most won’t know. You might get answers such as
) ,_3" “because you can’t add apples and oranges” or “because

they have to be the same,” but that’s just restating the rule.
Of course, you already know that you can add fractions
without a common denominator (Figure 2.7). The only
reason you need a common denominator is so you can

gct an exact answer.

The last thing I'm going to deal with in this Figure 2.9
section and in this chapter is the idea of using
decimals rather than fractions. As you’ll hopefully
discover, decimals and fractions are just different
notations for the same thing. Decimals really are
fractions. To get started on this, let’s expand our
previous idea of place value in Base 10. Earlier, Base
10 place value was shown as in Figure 2.9.

Guidepost Understanding decimals and their
relationship to fractions.




This figure isn’t complete, though, because as we all know, there is a decimal
point and there are place values to the right of the decimal point. Figure 2.10
shows a more complete picture of Base 10 place value.

ugure 2.10
(,,
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Decimal point

The places to the left of the
decimal point represent ones, tens,
hundreds, ctc. The places to the
right of the dccnnal pomt represent
the fractions m, w0+ oo+ €te. So,
the number 456.291 means you
have 4 thousands, 5 hundreds, 6
ones, 2 tenths, 9 hundredths, and 1
thousandth. If we were to represent
this number using fractions rather
than dec1mals it would be 456 +
t‘” + 5w T 7w - So, the only thing
special about decimals is that they
are shorthand for fractions, using
Base 10.

OK, how do we go about converting a fraction like l to a decimal? Well,
we usc the calculator and divide 3 by 4, ending up with 0.75. What might be
more instructive, however, is to see what happens when we use long division.
You remember long division, don’t you? It’s that process all of us used before
calculators. Anyway, let’s divide 3 by 4, using long division. We start with the

ER

Those symbols are basically asking you how many ones you get when you
divide 3 by 4. The answer is that you don’t get any ones, because 3 divided by
4 is less than 1. The next step is to convert those 3 ones to 30 tenths, which
means adding a decimal point and a zero to keep track of the fact that we're

4)3.0

following familiar look:

now dealing with tenths.

\

Adding a zero means we have 30 tenths.



Now we're dividing 30 tenths by 4, asking how many groups of 4 tenths there
are in 30 tenths. Well, there are 7 groups of 4 tenths in 30 tenths, with a couple
of tenths left over. In our long division, it looks like

There are 7 groups of

/ 4 tenths in 30 tenths.
.7
4 5 3.0

-2 8
2

We've accounted for 28
of the 30 tenths, with 2
tenths left over.

Now, since there are only 2 tenths left over, we can no longer divide them
into groups of 4 tenths. Therefore, we rewrite the 2 tenths as 20 hundredths.

¥
4)3.00

-2 8
20

\ Adding a zero means we
have 20 hundredths.

Now we’'re dividing 20 hundredths by 4, asking how many groups of 4
hundredths there are in 20 hundredths. The answer is 5, so we get

/ ofhandredien 15
'95% 20hundredths 4)3.00
4)3.00 -28
-28 20
20 20
-20 0



We’re done, because there are no hundredths left over. We’ve converted the
fraction three-fourths to seven-tenths plus 5 hundredths. See Figure 2.11.

‘igure 2.11

And that’s all there really is to converting fractions to decimals. Converting

decimals to fractions is also pretty easy. 0.75 is 7 tenths and 5 hundredths, or

75 . .

1o0- Most math books cover pretty well what comcs next, which is the process

of “reducing fractions.” We can rewrite I::' as '4:
28

rule for multiplying fractlons is equal to * -

which, by the reverse of our

25
. Because = o is equal to 1, this

expression is equal to j . By the way, this is the process behind the procedure

known as “canceling.” Because we can remove the |

o - from the above expression

by using the reverse of fraction multiplication, we can take a shortcut and just

cancel the 25s, as in 2%
4.4

You can picture fractions as portions of a whole or as simple representations
of division.

You do not change the value of a fraction, or any other term for that matter,
when you multiply it by the number 1.

Anything divided by itself is equal to 1.

When you multiply fractions, you multiply the numerators and multiply the
denominators. There’s a reason for that procedure.

You can add fractions that have unlike denominators, but to get an exact
answer you must first find a common denominator for the fractions.

Decimals are a way of representing fractions and mixed numbers with Base
10 notation.



There’s a rule for converting mixed numbers, such as 4 1, to what is called an
“improper fraction.” What you do is, in this case, multiply the 3 and 4, add
the 2, and put the result as a numerator over the denominator of 3. Thus,
41 is equal to ***2 which is equal tos 5. OK, fine, but why is that the rule?
Does it make sense3 Yes, it does, but it takes a bit of thinking to figure it out.
First, 4 isread “4 and 3" or “4 + 1 ” In order to add these together, you have
to rewrlte the4asa fractlon with a denominator of 3. Since there are three
3s in the number 1, there arc twelve 3s in the number 4. Therefore, you can
write the number 4 as = 5. Now we add 3 to the 4, which is = t + _1 We have a
+2 14

, or —.
3

common denominator of 3, so we can write this as '
We covered the rule for multiplying fractions in this chapter, miaking sense of
it, so this should be a simple application. Let’s multiply : by 5. We multiply
o Because we
know that anything divided by itself is equal to 1, we know that -is equal to
1. S0, -

multiplied together, equal 1. Those numbers are reciprocals of cach other.

the numerators and multiply the denominators, so
r; Lis equal to 1. There is a special name for two numbers that, when

Finding the reciprocal of a fraction is pretty easy. Just invert the fraction so
the numerator and denommator are reversed and _you have the reciprocal.
Reciprocals are a nice

15

The reciprocal of - ¢ s _; The reciprocal of - 3 ~is
thing to know about when you start solving math equations.

In various science applications there’s a procedure known as the “factor label
method.” It’s a fancy name that describes how one changes units associated
with quantities. For example, consider something like 62 hours. The “hours”
represent the units associated with the number 62. Suppose we want to know

how many seconds are equivalent to 62 hours. Well, first we can convert to
G minutes

I hour

This fraction is equal to 1 because 60 minutes and 1 hour are the same thing.
60 minutes (62 bours)- (60 mintcs)

minutes by multiplying 62 hours by the number 1, disguised as

So, we have 62 hours - ——, ki

Now we can rewrite the 62 hours as 62-(1 hour) and end up with

2ol homry l-'llrlunun.-l

1 hasur

1 h
We get B2t (Shmmiss) o jyse 62 - (60 minutes), which equals 3720 minutes. To

The next thing to do is cancel the “1 hour” terms, because " is equal to 1.

D secomls

convert this further to seconds, we multiply 3720 minutes by . Because

1 muimine
there are 60 seconds in a minute, this again is the same as multiplying by 1
Just as with the hours units earlier, the minutes units now cancel, and we're

left with 3720 - (60 seconds), which equals 227,200 seconds.



Now, in using the “factor-label method,” there’s a shortcut way to do a
conversion like this. You simply write 62 hours . SHRH= . S The
hours units and minutes units all cancel, you multiply all the numbers
together, and you end up with units of seconds. Many students view this
factor-label method as some kind of magic trick, but all you're doing is
multiplying by the number 1, disguised as one quantity divided by an
cquivalent quantity, over and over. Let’s convert 1000 miles to meters using
the full-blown shortcut, and relying on the fact that there are 0.6 kilometers

in a mile and 1000 meters in a kilometer.

. i =1 el s 1 _"J e 5
1000 miles . -0 Kilometers 1000 meters
1 mile 1 kilometer
1.6 ki TS L0060 meters
equals 1000 gy < COANTEER 1000 mtece
]_p‘m‘ﬁ,f 1 kil

equals 600,000 meters.

I dealt with the multiplication of fractions in this chapter, but not the
division of fractions. Check out any math book and you’ll find that the rule
for dlv1d1ng by a fraction is to “invert and multlply This means that if you

have j + 3, you should i 1nvert the 3 to form 3, and then do the multiplication
': . 2 resulting in IT or -, or 1: That’s the correct answer, but why does
this rule work? To understand, let’s use a simpler example and use our
“definition” of division involving separating things into piles of blocks or

pieces of blocks.

Consider 2 =1
The rule says to invert the ,I, and multiply, meaning you end up with =
- which equals 13. Let’s see if that makes sense in terms of our earher
definition of division. When you divide = by 5, you are in essence asking
how many s there are in '— . Well, there ;1re 13 halves in ':, so we end up
with the answer we get by following the rule. When you're doing something more
complicated like :' + 1, ending up with lé, the process is harder to follow.

The answer does make sense, though. Because 1 is smaller than 7, it makes

o
sense that there should be more than one ; in the fraction : As with many
other math rules, “invert and multiply” is a useful shortcut. If you don’t
understand the reasoning behind this rule, though, then you really don’t
understand what you're doing. You are simply following rules for the sake

of following rules.

Here’s another rule. When you multiply a number by 10, you simply move
the decimal point to the right one place. When you divide by 10, you move
the decimal point to the left one place. Multiplying or dividing by 100



moves the decimal point two places, multiplying or dividing by 1000 moves
the decimal point three places, and so on. Convenient rule, but why does it
work? Because we use the Base 10 number system. Let’s look at the number
23.74. Knowing our place values, we know that this number represents 2 tens
+3 ones + 7 tenths + 4 hundredths. If you multiply this number by 10, then
you multiply the 2 tens (20) by 10, multiply the 3 ones (3) by 10, multiply
the 7 tenths (0.7) by 10, and multiply the 4 hundredths (0.04) by 10. 20-10 is
equal to 200 (add up 10 groups of 20 each), 3 times 10 is 30, 0.7 (which is the
same as the fraction —) times 10 is equal to 7, and 0.04 (which is the same as

(1]
the fraction l:”) times 10 is equal to ~ or 0.4. We end up with the number

iZe

represented by 2 hundreds, 3 tens, 7t ones, and 4 tenths. We write that as
237.4, which corresponds to moving the decimal point one place to the right
in the number 23.74. I'll leave it up to you to figure out why dividing by 10
simply moves the decimal point one place to the right. And once again, we
have a shortcut accompanied by the reasoning behind the shortcut. In case

you can’t tell, that’s basically the theme of this book.



Page numbers in boldface type indicate figures.

Absolute value, 101
Addition, 2-12, 175
associative property of, 25, 27
in Base 2 system, 8, 8, 11-12, 11-12
in Base 5 system, 7-10, 7-10
in Base 10 system, 2—6, 2-7
changing grouping of numbers in, 19, 20, 25
changing order of numbers in, 17, 17
commutative property of, 24, 24, 26, 67, 176
of fractions, 34-35, 34-35, 38
of a number to its negative, 60-61, 61, 73
relation of multiplication to, 16, 26
of the same thing to both sides of an equation, 96-97
when one or both numbers are negative, 58-59, 58-59
Additive inverse, 61, 61, 175
Antiparticles, 104, 175
Area, 144-151, 158, 175
of a circle, 141, 148-151, 149-150
under the graph, 170-171, 170-172
of a parallelogram, 145-147, 145-147
of a rectangle, 141, 145, 145
of a trapezoid, 158-160, 159
of a triangle, 148, 148
Aristotle, 143-144
Associative property, 175
of addition, 25, 27
of multiplication, 25, 27

Balances, 94, 94-95
Base 2 system, 27, 175

addition in, 8§, 8, 11-12, 11-12
Base 5 system, 175



addition in, 7-10, 7-10
Base 10 system, 26, 27, 175
addition in, 2—6, 2-7
place value in, 35-36, 35-36, 47
subtraction in, 13-15, 13-15
Binary system, 27, 175
addition in, 8§, 8, 11-12, 11-12
“Borrowing” numbers, 13-15, 14-15, 26, 175

Calculus, 144, 163-174, 175
“Carrying” numbers, 5-7, 6, 26, 175
Circle, 152, 152-153
area of, 141, 148-151, 149-150
circumference of, 143-144, 166, 175
diameter of, 142, 142, 176
Circumference, 143-144, 166, 175
Combining mixtures to make a solution, 82—-83, 82-85, 90-91, 109-110
Combining terms in a math expression, 75-77
Common denominator, 35, 176
Commutative property, 24, 24-26, 176
of addition, 24, 24, 26, 67
of multiplication, 25, 26, 80
Complex number, 64, 176
Cosine, 154-158, 155-156, 160-161, 176
Cross multiplying, 111-112, 176

Decimals, 35-38, 176
converting fractions to, 36-38, 36-38
converting to fractions, 38
when multiplying or dividing by tens, 40-41
Denominator, 32, 176
common, 35, 176
Dependent variable, 123, 136, 176
Derivative, 169, 172, 176
Diameter of a circle, 142, 142, 176
Differential equations, 172
Differential geometry, 174
Distributive property, 26, 27, 80, 109-110, 176
Division, 15-17, 16, 176, 178
of an inequality by a negative number, 107-108



of both sides of an equation by the same thing, 99, 100, 107
changing grouping of numbers in, 21-22, 23

changing order of numbers in, 19, 19

to convert fractions to decimals, 36-38, 36—-38

of exponents with the same base, 68

of negative numbers, 67-68

relation of subtraction to, 17, 26

represented by a fraction, 31, 31

Einstein, Albert, 71, 174
Equations, 176
differential, 172
kinematic, 103, 177
point-slope, 132-135, 133-135, 178
slope-intercept, 135-136, 179
word, 83-85, 179
Equivalent fractions, 32-33, 33, 176
Exponents, 44-52, 176
division of exponents with the same base, 68
fractional, 45-46
multiplication of exponents with the same base, 46-47, 72-73, 73
negative, 46, 62-63, 66
in scientific notation, 48-50, 52
using variables for, 72-73, 73, 79

Factor-label method, 39-40, 176-177
FOIL mnemonic, 79-80, 79-80, 177
Fractional exponents, 45-46
Fractions, 29-41, 177
addition of, 34-35, 34-35, 38
converting decimals to, 38
converting to decimals, 36-38, 36-38
division represented by, 31, 31
cquivalent, 32-33, 33, 176
improper, 39
multiplication of, 32-34, 33, 39-41
reciprocals of, 39, 178
terminology for, 31-32
ways of looking at, 30, 31
Functions, 114-116, 136, 177



graphing of, 116-121, 116-121
math relationships that are not, 121-122, 122, 124, 124

Galileo, 70-71
Geometry, 141-153
differential, 174
Glossary, 175-180
Graphing, 113-139
of actual data, 128
finding the area under the graph, 170-171, 170-172
of functions, 116-121, 116-121
linear relationships of data, 126-127, 126-128, 177
of a math relationship that is not a function, 121-122, 122, 124, 124
of motion problems, 137, 137-138
plotting data points, 116
point-slope equation for a line, 132-135, 133-135, 178
of relationship between star luminosities and temperatures, 138-139, 139
slope-intercept equation, 135-136, 179
slope of a line, 129-131, 129-132, 179
variables used for, 129-130
Guideposts, x
adding a number to its negative gives you zero as a result, 60
adding and subtracting numbers when one or both are negative, 59
adding or subtracting the same thing to both sides of an equation
maintains equality, 97
applying operations in Base 10 system to Base 2 system, 11
applying operations in Base 10 system to Base 5 system, 9
associative properties of addition and multiplication, 25
Base 10 counting system and why you carry numbers when adding, 5
changing the grouping of numbers in addition, 19
changing the grouping of numbers in division, 22
changing the grouping of numbers in multiplication, 20
changing the grouping of numbers in subtraction, 21
changing the order of numbers in addition, 17
changing the order of numbers in division, 19
changing the order of numbers in multiplication, 18
changing the order of numbers in subtraction, 18
concept of a limit, 165
creating a math equation that represents a simple motion problem, 88
creating an equation that represents sampling a population, 86
cummutative property of addition, 24



cummutative property of multiplication, 24

decimals and their relationship to fractions, 35

definition of a function, 114

definition of an integral, 172

definition of independent and dependent variables, 123

definition of inequality, 106

definition of sine and cosine functions, 154

different ways to picture fractions, 30

direction of an inequality changes when you multiply or divide both sides
by a negative number, 108

distributive property, 26

equivalent fractions and how to convert from a fraction to its equivalent, 32

example of a function, 116

example of a math relationship that is not a function, 122

example of when taking the square root of both sides of an equation leads
to a meaningful result, 104

exponents are a way of representing repeated multiplication, 45

finding the area under a curve using the concept of limits, 171

how one can approximate a value for , 144

how to interpret graphs that are drawn through actual data, 128

methods for solving math equations, 96

moving from a word equation to mathematical expressions, 84

multiplying a negative number by a positive number or a negative number
by a negative number, 62

multiplying or dividing both sides of an equation by the same thing
maintains equality, 99

negative exponents, 46

no cummutative property for subtraction and division, 25

physical analogies to explain multiplication and division, 16

precise definition of variables, 84

radicals and other roots, and how to write them as exponents, 45

reasoning behind formula for the area of a circle, 149

reasoning behind formula for the area of a parallelogram, 147

reasoning behind formula for the area of a triangle, 148

rule for multiplying fractions, 32

rules for combining terms in a math expression, 76

scientific notation and its uses, 47

slope of a line when the slope keeps changing, 167

solving inequalities, 107

subtraction in Base 10 and why you borrow, 15

taking the square root of both sides of an equation, 101

uscfulness of variables that represent numbers, 70



using a word equation as a method for translating a word problem into a
math equation, 83

using graphs to determine whether or not a math relationship is a function,
119

using variables to represent the properties of numbers, 72, 74

verification of Pythagorean Theorem, 151

what it means to take the negative of a number, 56

why a negative times a negative equals a positive, 57

why subtraction is the same as adding the opposite, 58

Hertzprung-Russell diagram, 138-139, 139
Hypotenuse, 153-154, 154, 160, 177

i, 64, 67, 177

Imaginary number, 64, 67, 177
Improper fraction, 39
Independent variable, 123, 136, 177
Inequalities, 93-112, 177

Integers, 56, 177

Integral, 172, 177

Irrational numbers, 56, 143, 177

Kinematic equations, 103, 177

Like terms, 75-77, 177

Limits, 144, 165-172, 177

Linear relationship, 126—-127, 126-128, 177
Logarithms, 51-52, 138-139, 178

Motion problems, 87-88, 87-89, 110-111
graphing of, 137, 137-138

Multiplication, 15-16, 178
of an inequality by a negative number, 107-108, 108
associative property of, 25, 27
of both sides of an equation by the same thing, 99, 100
changing grouping of numbers in, 20, 21
changing order of numbers in, 18, 18



commutative property of, 25, 26, 80

cross multiplying, 111-112, 176

distributive property of, 26, 27, 80, 109-110, 176

of exponents with the same base, 46-47, 65-66, 72-73, 73
of fractions, 32-34, 33, 39-41

of negative exponents, 62-63, 66

of a negative number by a negative number, 57, 57, 67
of a number and a variable, 71

of a number by its reciprocal, 39, 74, 99

of a positive number by a negative number, 61-62, 62, 67
relation of addition to, 16, 26

Natural log, 52
Natural numbers, 56
Negative numbers, 45, 46, 53-68
adding a number to its negative, 60-61, 61
addition of, 58-59, 58-59
division of, 67-68
exponents, 46, 62-63, 66
multiplication of a negative number by a negative number, 57, 57, 67
multiplication of a positive number by a negative number, 61-62, 62, 67
multiplication or division of an inequality by a negative number, 107-108
on a number line, 54-56, 54-57
square root of, 63, 63-64, 67
subtraction of, 58-60, 58—60
Newton, Isaac, 71
Number line, 56-57, 56-57, 67, 178
Numerator, 32, 178

Order of math operations, 27-28, 50-51, 68
Ordered pairs, 128, 131-132, 178
Oscillating physical systems, 156-157, 156-157

Parallelogram, 178
arca of, 145-147, 145-147
PEMDAS mnemonic, 27-28, 50-51, 68, 178
Pendulum, 157, 157
Perimeter, 142, 166, 178
(pi), 141, 143, 150-151, 158, 166, 179



Place value, 5, 5, 7, 35-36, 35-36, 47, 178

Point-slope equation for a line, 132-135, 133-135, 178
Probabilities in card games, 92

Pythagorean Theorem, 151, 151, 153, 158, 161, 178

Radicals, 45, 51, 64, 178
Radius, 150, 178
Rational numbers, 56
Real numbers, 56
Reciprocals, 39, 46, 178
Rectangle, 178

area of, 141, 145, 145
Remainder, 17, 178
Roots, 45

Sampling, 86-87, 178
Scientific notation, 47-50, 52, 179
Scientific theories, 104, 174
Sine, 154-158, 155156, 160-161, 179
Slope-intercept equation for a line, 135-136, 179
Slope of a line, 129-131, 129-132, 136, 179
negative, 130, 136, 167
safety standards for, 137
when the slope keeps changing, 167-169, 167-170
Speed, instantancous, 165, 166, 168—169, 168-170
Sphere, volume of, 173, 173
Square, 144-145, 179
Square root, 45, 64, 67, 179
of both sides of an equation, 101-104, 109
of negative number, 63, 63-64, 67
Subatomic particles, 103-104
Subtraction, 179
in Base 10 system, 13-15, 13-15
changing grouping of numbers in, 21, 22
changing order of numbers in, 18, 18
relation of division to, 17, 26
of the same thing from both sides of an equation, 97-98, 107
when one or both numbers are negative, 58-60, 58—60



Tangent, 154, 168, 179
Theory of general relativity, 174
Transfer problem, 91, 179
Trapezoid, 158
area of, 158-160, 159
Triangle, 179
area of, 148, 148
hypotenuse of, 153-154, 154, 177
Pythagorean Theorem applied to, 151, 151, 153, 158, 161, 178
right, 151, 154
sine and cosine functions for, 154-156, 155-156, 158
“Trig identities,” 160-162
Trigonometry, 153-157, 160-162, 179

Unlike terms, 75-76, 179

Variables, 69-80, 179
combining terms in a math expression using, 75-77
conventions for, 105
dependent, 123, 136, 176
for exponents, 72-73, 73, 79
for graphing, 129-130
Greck symbols for, 105
independent, 123, 136, 177
precise definition of, 84
usefulness of, 70-71

Volume, 172, 173, 173, 179

Wertheimer, Max, 146-147
Whole numbers, 56
Word equation, 83-85, 179
Word problems, 8§1-92, 179
for combining mixtures, 82-83, §2-85, 90-91
for motion problem, 87-88, 87-89
for probabilities in card games, 92
for sampling a population, 86-87



x axis, 129, 130

y—-intercept, 136, 179
y axis, 129, 129





