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PRIME PROPERTIES

Three paths to Mt. Fermat-Euler

Let Lagrange, Zagier, and Minkowski be your guides

by Vladimir Tikhomirov

OOK AT THE FIRST FEW
prime numbers greater than 2:
3 5; 7; 11, 18, 17, 19; .. ; The
numbers 5, 13, and 17 can be rep-
resented as the sums of two squares—

5=12+22,
13 =02 + 32,
17 =12 + 42

—while the other four numbers (3,
7,11, 19) cannot. (Check it yourself!)
Is there any way to tell one sort of
number from the other without a
brute-force search through all pos-
sible breakdowns? And how can this
difference be explained? The answer
is given by the following theorem.

THEOREM. A prime number
greater than 2 is representable as
the sum of two squares if and only
if its remainder upon division by
four is one.

(Indeed, 5=4-1+1,13=4-3+1,
17=4-4+1,whereas3=4-0+3,7
—4.1+4311=4-2+3,....)

Problem 1. Prove the “only if”
part of the theorem: any prime (ex-
cept 2} equal to the sum of two
squares can be written as 4n + 1 for
some integer n.

Who first discovered this math-
ematical phenomenon? There is evi-
dence that not long ago we could

have celebrated the 350th anniver-
sary of this remarkable result. On
Christmas Day in 1640, the great
Pierre Fermat (1601-1665) wrote a
letter to the renowned Mersenne, a
faithful friend of Descartes and the
main intermediary in the correspon-
dence of scientists of that time. He
informed Mersenne that “any prime
number that yields a remainder of
one when divided by four is
uniquely representable as the sum of
two squares.”! At that time there
were no mathematical journals, so
mathematicians exchanged infor-
mation by mail. In general they sim-
ply announced their results and
didn’t include any proofs.
However, almost 20 years after
writing to Mersenne, Fermat de-
scribed his plan of attack in proving
the theorem presented above. In a
letter to Carcavy?® sent in August
1659, he writes that his proof is based
on the method of infinite descent.

IIn this article we won’t touch on
uniqueness, which was established
long before Fermat. See the solution to
problem M115 in this issue.—Ed.

2After his death, Mersenne’s role as
a scientific intermediary was played
by the Royal Librarian, an amateur
mathematician and Fermat's friend
Pierre de Carcavy (d. 1684).—Ed.

Starting from the assumption that the
conclusion of the theorem is not valid
for a certain prime of the form 4n + 1,
he proves that it must be wrong for
some smaller number and proceeds
all way down to the number 5, thus
arriving at a contradiction (since the
theorem is true for 5).

The first complete proofs were
found by Leonhard Euler (1707~
1783) between 1742 and 1747. Euler
held Fermat in the highest esteem
and, ceding priority to his predeces-
sor, created a proof that elaborated
the idea in Fermat’s letter. Giving
credit to both great scholars, we now
call this statement the Fermat-Euler
Theorem.

There is a feature inherent in al-
most any beautiful mathematical
result (as well as almost any beauti-
ful but forbidding summit): many
paths lead to it. We can approach it
from different sides, and all the
paths give sheer delight to those
who aren’t afraid to take them.

The Fermat-Euler Theorem viv-
idly displays this wonderful feature,
and I'm going to demonstrate this
below.

We'll ascend to this peak, discov-
ered in the 17th century, in three
different ways. One of them was
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found in the 18th century, another
in the 19th century, and the third
only recently, in our own century.

Lagrange's proof

The first proof (with certain
modifications) is given in almost
every textbook on number theory.
It’s based on the following lemma.

WiLsoN’s LEmMma. For any prime p
the number (p — 1)! + 1 is divisible
by p.

In order not to digress for the proof
of this auxiliary (but very useful) fact,
I'll demonstrate its main idea using
the prime number 13 as an example.
For any integer from 2 through 11,
let’s find the factor whose product
with this integer gives a remainder
of 1 when divided by 13, and collect
such pairs of factors in the factoriza-
tion of (13 — 1)! together:

(13- 1) = 12!
=(2-7)(3-9)(4-10)(5- 8)(6 - 11] - 12

(where2-7=14=13+1,3-9=27=
2:-13+1,4-10=5-8=40=3-13+1,
6-11=66=5-13 + 1.1t follows that
the remainder of 12! upon division
by 13 is 12—that is, 12! + 1 is divis-
ible by 13. The general case is
treated likewise.

Problem 2. Prove that for any
prime p the integers 2, 3, ..., p — 2
can be paired so that the product of
the numbers in each pair (a, b) gives
a remainder of 1 when divided by p.
(This is written as ab =1 (mod p).)
Use this fact to prove Wilson’s
lemma in the general case.

From Wilson’s lemma we derive
a corollary.

CoroLLARY. If the number p = 4n
+ 1 is prime, then [(2n)!]? + 1 is di-
visible by p.

To prove it, we rewrite (p—1)! + 1
as(4n)!+1=1-2-...-2n-(2n+1)-
. 4n)+1=1-2-...-2n-(p-2n)-
(p-2n-1)-...- (p=-1)+1=(2n)-
(-1)?2(2n)! + 1 =[(2n)!]* + 1 (mod p),
and note that the left side is divisible
by p.

Denote (2n)! by N. Then our cor-
ollary means that N2 = -1 (mod p).
Now we have to overcome the ma-
jor difficulty.

Consider all the pairs (k, m) of non-
negative integers that are no larger
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than ,/p . The largest of the numbers
k (or m) is greater than ﬁ -1, so the
number of such pairs is greater than
[[\/p = 1) + 1]> = p. Therefore (by the
pigeonhole principle applied to the
pairs as pigeons and the remainders
modulo p as pigeonholes),? there are
at least two different pairs (k,, m,) and
(k,, m,) such that the remainders of k|
+ Nm, and k, + Nm, when divided by
p are the same. Then a + Nb (where
a=k, -k, b=m,-m,)is divisible
by p. Note that lal < \/p and Ibl < |/p.
Now, a*> - N*b2 = (a — Nb)(a + Nb)
is divisible by p, and since N2 = -1
(mod p), a*> + b2 is also divisible by
p—that is, a® + b? = rp for some posi-
tive integer r (r # 0, because other-
wise the two pairs above would be
the same). It remains to note that g2
+ b2 < 2p, which means thatr =1 and
a® + b2 = p, completing the proof.

Lagier's proof

Another proof, which is due to
the contemporary mathematician
D. Zagier, completely stunned me:
the result seems to emerge miracu-
lously, out of thin air.

Our goal in reproducing Zagier’s
proof will be to show that for any
prime p of the form p = 4n + 1 the
equation in positive integers

x*+4yz=p

has a solution (x, y, z) with y = z.
This would yield the representation
p =x*+4y* =x* + (2y)?, which proves
the theorem.

We'll prove the existence of such
a solution in a rather bizarre way: by
proving that the (obviously finite)
number of solutions to the above
equation is odd. How is the oddness
connected to the existence of the
solutions we need? All the solutions
with y #z can be arranged in pairs by
swapping y and z: if (x, y, z) is a so-
lution, then (x, z, y) is a solution as
well. So the number of these solu-
tions should be even, and the total
number can be odd only if there’s a
solution with y = z.

The modern way to articulate

3For an explanation of the
pigeonhole (or Dirichlet) principle, see
“Pigeons in Every Pigeonhole” in the
January 1990 issue of Quantum.—Ed.

this reasoning is to consider the
transformation | of the set S of all
positive integer triples satisfying
our equation that swaps y and z—
JIx, v, z) = (%, z, y)—and note that,
first, it’s an involution—that is,
when applied twice it takes us back
to the start; second, its fixed points
(x, ¥, z) = Jlx, y, z) supply the re-
quired decomposition of p (since
they are characterized by y = z); and
third, the number of points that
aren’t fixed is even, because they
can be arranged in pairs such that
either element of each pair is the
image of the other element. Of
course, the last statement holds for
any involution of any finite set.
And now let’s consider the trans-
formation B of triples (x, v, z) defined
as follows: B(x, y, z) = (x/, ¥/, Z), where

(1) forx<y-z:x =x+ 2z,
YI=Z,Z,=Y—X—Z;

(2)fory-z<x<2y: X =2y -x,
y<y,Z=x-y+z

(3) forx > 2y: X = x -2y,
V=x-y+z,2Z=y.

Like ], this transformation con-
sidered on the set S is also an invo-
lution of S. First of all, it maps the
set S into itself, because it preserves
the value x2 + 4yz. Indeed, take case
1, for instance:

x?+4y'7 = (x + 2z* + dz[ly - x - Z)
=x? +4xz + 422 + 4zy — 4zx — 47>
=x? + 4yz.

Verification in the other two
cases is just as straightforward. Fur-
ther, if (x’, ¥/, z’) = B(x, y, z), then
B(x’, ¥/, Z') = (x, y, z). This is also
verified by direct calculation. For in-
stance, if x < y — z, we must apply
the equations in case 1: they yield x’
=x+2z>2z=2y,5%0(x", ¥y, 2") =
B(x/, ¥, z’) must be computed using
the equations in case 3, and we get

X'=x -2y =x+2z-2z=X%,
V' =xX-yV+Z=x+2z-z+
(y-x-z)=y,

Z'=y =2z

Examination of the other two
cases is left to the reader. After such
verification, we conclude that B is
an involution of S.

What about the fixed points of B?



Looking at the definition, we see
thatin cases 1 and 3, x’ >xorx’ <x,
respectively, so a fixed point can
arise only in case 2, which yields x
=x'=2y-x,0rx=y.

Conversely, you can see at once
that any triple of the form (x, x, z) is
preserved under B. But only one of
these triples belongs to the set S of
positive integer solutions to our
equation: if p = x% + 4xz = x(x + 4z),
then x = 1 (since p is a prime) and z
=1 (recall thatp = 4n + 1). Thus, the
involution B of the set S has a
unique fixed point (1, 1, n), and
therefore, as we've seen, S consists
of an odd number of triples, which
is what we set out to prove.

Minkowski's proof

The (slightly modified) proof by
Hermann Minkowski (1864-1909),
which I'm going to present now,
staggers the imagination perhaps
even more.

Minkowski’s proof begins with a
result that doesn’t seem to have any-
thing to do with the Fermat-Euler
Theorem.

Tueorem. Let a, b, and ¢ be any
integers satisfying a > 0 and ac - b®
= 1. Then the equation ax? + 2bxy +
cy? = 1 has an integer solution (x, y).

Proof. The expression ax? + 2bxy
+cy® =1 can be viewed as the square
of the distance from the origin O to
the point P with coordinates (x, y) in
a certain coordinate system (not
necessarily rectangular). To con-
struct such a system, draw the axes at
the angle o defined by cos o = b/Jac
(this is possible because ac > 0 and
Ib/Jac| < 1, since ac = b2 + 1 > b?).
Choose the units of scale on the x-
and y-axes equal to /g and /¢, re-
spectively (fig. 1). Then the square

P(x,y)

(1,0) 180°-a AC

= Qo) x

Figure 1

Figure 2

of the distance OP, P = (x, y), can be
found from the triangle OQP, where
Q = (x, 0): in this triangle, OQ =
IxIva, QP = lyl+/c, and the angle at
Qis ocor 180° — 0, depending on the
signs of x and y. However, no mat-
ter what these signs are, the Cosine
Law always yields

OP? = OQ%-20Q - OP cos(£Q]+OP?
= ax® + 2bxy + cy>.

The points with integer coordinates
form the integer grid with respect to
our coordinate system (fig. 2), and
we have to prove that there is anode
in the grid at a unit distance from
the origin.

Let d be the smallest distance from
the origin O to another node, and let
(m, n) be a node at a distance d from
O. Since the distance from (x, y) to
(x,, y,) is equal to the distance from
(0, 0) to (x, - x, y, — y), the distance
between any two nodes is no
smaller than d. Therefore, the
circles of radius d/2 centered at all
the nodes of our grid do not overlap:
if two such circles, with centers A
and B, have a common interior point
C,then AB<AC +CB<d/2+d[2=
d. As is clear from figure 2, the area
covered by these circles in the tri-
angle with vertices O(0, 0, A(1, 0),
and B(1, 1) is half the area of one
circle-that is, td?/8. And this is only
a part of the triangle’s area, which
equals

Loa.08. sin(£A) = 1ave sin(ZA)
2 2

Sond?/8 <1/2, or d* < 4/ < 2. Since
d? is an integer (d? = am? + 2bmn +
cn?), we getd = 1, which proves Min-
kowski’s theorem.

But what relationship does this
marvelous theorem have to Fermat
and Euler? The most direct!

By the corollary of Wilson’s lemma
proved above, we know that the num-
ber N2 + 1, where N=[(p-1)/2]!, is di-
visible by p, don’t we? Well, now let’s
apply Minkowski’s theorem to the
numbers a=p, b= N, ¢ = (b + 1)/a.
The theorem says that for certain in-
tegers m and n

1 = am? + 2bmn + cn?,

o)

p=a=a*m?+2abmn + (b? + 1)n?
= (am + bn)* + n?

—that is, p is the sum of two
squares. And, once again, the theo-
rem is proved!

ANSWERS, HINTS & SOLUTIONS
ON PAGE 60
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MOLECULAR ARCHITECTURE

Follow the bouncing buckyball

On fullerenes and other carbon structures

by Sergey Tikhodeyev

VERYBODY KNOWS THAT
carbon is one of the most com-
mon elements. But did you
know that carbon atoms are a
first-rate building material for con-
structing a wide variety of crystals
and molecules? The record in the
hardness department belongs to dia-
mond, which is one of the crystal-
line forms of carbon. The complex
organic molecules known as pro-
teins—whose atomic “skeletons”
are atoms of carbon and nitrogen—
form the basis of all living things.

The great variety of atomic struc-
tures made of carbon is due to the
fact that carbon—an element of
group IV of the periodic table—has
four electrons in its outer valence
shell and can form valence bonds
with four, three, or two neighboring
atoms. If a carbon atom has four
close neighbors, the resulting struc-
ture is three-dimensional. One ex-
ample of such a structure is the dia-
mond crystal, in which each carbon
atom sits in the center of a regular
tetrahedron whose corners are the
neighboring carbon atoms.

If there are only two adjacent at-
oms, a one-dimensional linear struc-
ture appears—Ilong polymer mol-
ecules are examples of this type.
When there are three neighbors, the
atomic structures include flat re-
gions. For example, in the flat mol-
ecule of benzene C,H, each carbon
atom forms bonds with one hydro-
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gen and two carbon atoms.

Another example of atomic struc-
tures where each carbon atom has
three neighbors is graphite, the sec-
ond natural form of carbon. Graph-
ite is a layered substance whose
structure is based on planes in
which the atoms sit at the corners of
regular hexagons, forming a kind of
honeycomb. Actually, no other
structure is possible when each car-
bon atom forms valence bonds with
only three neighbors and all the at-
oms are arranged in the same way.
Fortunately there is a mutual attrac-
tion between adjacent planes, which
connects the carbon layers to form
a crystal of graphite. These attrac-
tive forces (known as van der Waals
forces, which decrease with distance
as r’) are much weaker than the in-
teraction between adjacent carbon
atoms in the same layer. Thus,
graphite isn’t strong mechanically,
and so it can be used to make pen-
cil lead. The carbon planes them-
selves, however, are as strong as dia-
mond.

The question arises: can we make
something more interesting from
carbon atoms than just a flat layer in
a graphite crystal—say, a polyhe-
dron? Since each carbon atom must
have exactly three neighbors, the
following geometrical problem
arises: how to construct a polyhe-
dron in which exactly three edges
come together at each corner?

Here we’ll make use of Euler’s
theorem: for any convex polvhe-
dron, where C is the number of cor-
ners, F is the number of faces, and E
is the number of edges,

C+F-E=2. 1)

For more complicated polyhedrons
equation (1) must be modified by
introducing a new concept having to
do with the number of “handles” in
a polyhedron. For a torus g = 1,
which means that it has one handle,
while for a convex polyhedron g
equals zero.

The generalized Euler theorem
yields

C+F-E=2-2g (2)

It’s surprisingly easy to prove
equation (2). We need but note that
each handle of a polyhedron and the
polyhedron with its handles cut off
satisfy equation (1). When we paste
each handle back onto the polyhe-
dron, the four glued faces disappeat,
while the difference C - E doesn’t
change.

Now we have all we need to de-
duce the architectural rules for
constructing polyhedrons out of
carbon atoms. Suppose we want to
construct a closed polyhedron with
hexagonal faces only, and that there
are n, of them. Since three faces
come together at each corner, and
because each edge belongs to two
faces simultaneously, we get

Art by Pavel Chernusky














































































































































































